In this paper we consider the extension, to the algebra of coquaternions, of a complex quadratic map with a real super-attractive 8-cycle. We establish that, in addition to the real cycle, this new map has sets of non-isolated periodic points of period 8, forming four attractive 8-cycles. Here, the cycles are to be interpreted as cycles of sets and an appropriate notion of attractivity is used. Some characteristics of the basins of attraction of the five attracting 8-cycles are discussed and plots revealing the intertwined nature of these basins are shown.
Introduction
Although lab measurements produce real numbers, history of quantitative science shows that extensions of these numbers have played an essential role in the development of mathematical models, as soon as it became clear that these new numbers evidence an ability to capture the symmetry of a physical system. One such set of numbers, in particular, -the quaternions, introduced in 1843 by the Irish mathematician William Rowan Hamilton (1805-1865) [19] -have become a powerful tool for modeling and solving problems in classical fields of mathematics, engineering and physics [23] . However, quaternions are not the only four dimensional hypercomplex real algebra generalizing complex numbers; for example, one may also consider coquaternions, proposed by James Cockle (1819-1895), [10] , at about the same time as quaternions were discovered. Although coquaternions -also known in the literature as split-quaternions or para-quaternions -have received much less attention than quaternions, more recent studies reveal some potential on the use of this mathematical tool. In fact, since the algebra of coquaternions is appropriate to study the (2+1)-geometry of 3D Minkowski space, it is no surprise to see different branches of physics -such as the theory of graphene, black holes, quantum gravity, the AdS/CFT correspondence and the gauge theory of gravitation -making use of the richness of coquaternions towards a deeper understanding of the physical phenomena; see [17] and references therein. Some geometrical applications of coquaternions can also be seen in e.g. [2, 21, 27, 28] ; a connection between coquaternionic analysis and the four-dimensional quantum field theory is investigated in [14] , and in [8] the authors examine the relation between coquaternions and complexified mechanics; for a very recent application of coquaternions in the area of cosmology, see [16] .
The dynamics of the quadratic map in the complex plane has been object of intense study and can now be considered a well-established theory; see, e.g., [5, 24, 25] . When seeking to extend this theory to higher dimensions, the natural next step is to consider maps defined over the quaternions; see e.g., [6, 7, 9, 15, 18, 20, 22, 26, 30, 31] . The results obtained were, in a certain sense, slightly disappointing leading Bedding and Briggs [6] to make the following strong statement about the quadratic quaternionic map f (q) = q 2 + c: "We conclude that there is no new interesting dynamics in this map."
In this paper we deal with the extension of a quadratic map to the coquaternionic setting. More precisely, we consider the function of the coquaternioncic variable f (q) = q 2 + c, with c the real parameter value for which the corresponding real map f has a super-attractive 8-cycle, and show that, even in this simple case, new and interesting features appear. In particular, we show that in addition to the real attractive cycle, four other coquaternionic attractive cycles coexist. Here, however, the cycles must be interpreted as cycles of sets of non-isolated points and an appropriate notion of attractivity has to be used.
We must refer that, since the algebra of coquaternions is isomorphic to the algebra M 2 (R) of 2 × 2 real matrices, the research on the iteration of functions defined on matrix algebras developed in [4] and [32] can also be seen -although with a different approach -as a first and important contribution to the study of the dynamics of coquaternionic maps.
The paper is organized as follows: in Section 2 we present a brief summary of the basic definitions and results on the algebra of coquaternions; Section 3 is dedicated to the study of the referred coquaternionic quadratic map and the main results of the paper are established; the concepts of attractive set cycles is here introduced and the existence of four coquaternionic attractive 8-set cycles, coexisting with the real attractive cycle, is shown; in Section 4, some investigation on the basins of attraction of the referred five 8-cycles is performed; finally, Section 5 concludes.
Basic results
In this section we introduce some notations and make a brief revision of the main results on coquaternions which we will use in the rest of the paper; for the proofs of the results and other details we refer the reader to [1, 21] .
Let R denote the field of real numbers. The coquaternion algebra is an associative but noncommutative algebra over R defined as the set
where i, j, k, called the imaginary units, satisfy
It follows easily that we have the following explicit expression for the product of two coquaternions p
from where we immediately obtain
For a given coquaternion q = q 0 + q 1 i + q 2 j + q 3 k ∈ H coq , we define, in analogy with the complex case, the real part of q, Re q := q 0 , the vector part of q, Vec q := q 1 i + q 2 j + q 3 k and the conjugate of q, q := q 0 − q 1 i − q 2 j − q 3 k. We call determinant of q, denoted by det q, to the quantity given by
One can easily show that the function φ defined, for any q = q 0 + q 1 i + q 2 j + q 3 k ∈ H coq , by
is an isomorphism between H coq and the algebra M 2 (R) of the 2 × 2 real matrices, the matrix M q being called the matrix representation for the coquaternion q. Some of the results for coquaternions can be established from known results for matrices, by invoking this isomorphism.
Remark 1. The choice of the term determinant for the quantity defined by (2) here adopted appears as very natural, by observing that this value is equal to the determinant of the matrix M q .
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When convenient, we identify the coquaternion q = q 0 + q 1 i + q 2 j + q 3 k with the element (q 0 , q 1 , q 2 , q 3 ) in R 4 . We will also consider three particularly important subspaces of dimension two of H coq , usually called the canonical planes or cycle planes. The first is {q ∈ H coq : q = a+b i, a, b ∈ R} which, naturally, we identify with the complex plane C; the second, which we denote by P and whose elements are usually called perplex numbers is given by P = {q ∈ H coq : q = a + b j, a, b ∈ R} and corresponds to the classical Minkowski plane; the third, denoted by D, is the subspace of the so-called dual numbers, D = {q ∈ H coq : q = a + b (i + j), a, b ∈ R} and can be identified with the classical Laguerre plane.
Contrary to what happens with complex numbers and quaternions, not all nonzero coquaternions have an inverse; in fact, it can be shown that a coquaternion q is invertible if and only if det q = 0, in which case
A concept which will play an important role in the dynamics of the map that we consider in this paper is now recalled: we say that a coquaternion q is similar to a coquaternion p, and write q ∼ p, if there exists an invertible coquaternion h such that p = hqh −1 . This is an equivalence relation in H coq , partitioning H coq in the so-called similarity classes. We denote by [q] the similarity class containing the coquaternion q. It is easily shown (see e.g. [11] ) that [q] = {q} if and only if q is a real number. The next result (see e.g. [11] ) characterizes similar non-real coquaternions.
Theorem 1. Let p and q be two non-real coquaternions. Then p ∼ q if and only if
Re p = Re q and det(Vec p) = det(Vec q).
In what follows, given a coquaternion q, we denote by dv q the determinant of the vector part of q, i.e. dv q := det(Vec p).
Theorem 1 shows us that, for any non-real coquaternion q = q 0 + Vec q, we have:
We can thus identify the similarity class of a non-real coquaternion q with an hyperboloid in the hyperplane {(x 0 , x 1 , x 2 , x 3 ) ∈ R 4 : x 0 = q 0 }: this will be an hyperboloid of two-sheets if dv q > 0, an hyperboloid of one-sheet, if dv q < 0 or a degenerate hyperboloid (cone), if dv q = 0. 
The next result is an immediate consequence of Theorem 1. 1 We must refer that other authors use different denominations and notations. 2 Strictly speaking, in the case dv q = 0, the vertex of the cone does not belong to [q]. 
The coquaternion q S given by (4) will be referred to as the standard representative of the similarity class of q. Note that the representative is a complex number, a perplex number or a dual number, according to dv q > 0, dv q < 0 or dv q = 0, respectively.
The dynamics of a coquaternionic quadratic map
All our results are concerned with the dynamics of a quadratic coquaternionic map of the form
with c a real parameter to be fixed later. We first recall some basic definitions, essentially to fix our notation.
For k ∈ N, we shall denote by f k the k-th iterate of f , inductively defined by f 0 = id Hcoq and
point q ∈ H coq is said to be a periodic point of f with period n ∈ N, if f n (q) = q, with f k (q) = q for 0 < k < n; in this case, we say that the set {q, f (q), . . . , f n−1 (q)} is a n-cycle for f , usually written as
. Periodic points of period one are called fixed points. Let q * be a fixed point of f . Then the basin of attraction B(q * ) of q * is defined as
Here, the convergence of the sequence (f k (q)) k is to be understood with respect to any norm in R 4 , for example the Euclidean norm.
The basin of attraction of a n-periodic point q * is defined as the basin of attraction of q * under the map f n .
The basin of attraction of a n-cycle C = {q 0 , q 1 , . . . , q n−1 } is given by
We first observe that, since c ∈ R, we have, for any invertible h ∈ H coq ,
This shows that if a coquaternion q is a periodic point of period n of the map f , the same is true for all the coquaternions similar to q. In other words, if q is a periodic point of period n of the map f , then the whole similarity class [q] (which, recall, constitutes an hyperboloid, whenever q ∈ R) is made up of periodic points of period n of f . Hence, for all non-real periodic points of the map f , we now have a situation not present in the classical case of the real/complex quadratic maps: they constitute sets of non-isolated points. So, in this case, it makes more sense to talk about n-cycles of sets, instead of n-cycles of isolated points {q 0 , . . . , q n−1 }.
Definition 1.
We say that the sets S 0 , . . . , S n−1 form a n-set cycle for the map f and write S 0
, if each of the sets S i is formed by periodic points of period n of f and, for any q ∈ S i , the corresponding image, f (q), belongs to the set S i+1 , with S n := S 0 . Remark 2. When the map f is implicit from the context, we will simply write S 0 →S 1 → · · · →S n−1 .
Since non-real periodic points of the map f , when existing, form sets of non-isolated points, it is simple to recognize that they cannot be attractive in the usual sense. Consider, for example, the case of a set of non-isolated fixed points: given a point q * in this set, any neighborhood of q * always contains other fixed points, and so it is impossible to find a neighborhood of q * totally formed by points whose dynamics evolve to q * . Hence, it becomes necessary to introduce a new notion of attractivity; see e.g. [3] . We propose to adopt the following definition.
Definition 2. A set S of non-isolated periodic points of period n ∈ N of the coquaternionic map f is said to be an attractive set if, given any coquaternion q sufficiently close to the set S, the sequence of iterates (f n ) k (q) k converges to a point belonging to S.
If a n-set cycle S 0 →S 1 → · · · →S n−1 for f is such that each of the sets S i is attractive, then we will say that the sets S 0 , . . . , S n−1 form an attractive n-set cycle.
In what follows, we will denote by f C the complex map obtained by restricting the map f to the complex plane i.e. f C := f |C ; the restriction of the map f to the reals will simply be denoted by f , i.e. f := f |R . Note that f C is a complex-valued map and f is real-valued map.
The attractive cycles of the quadratic map f
The specific value of the parameter c we are going to consider is a value for which the corresponding real map f has a super-attractive 8-cycle:
We claim that, apart from the real 8-cycle, which we will denote by C , the map f has also four attractive 8-set cycles, namely
where H i,j are the similarity classes given in Table 1 . 4 That the sets given in Table 1 form 8-set cycles was not difficult to verify: in each case, we just had to determine the evolution of the standard representative q i0 of the first class H i0 and confirm that the successive iterates belonged to the similarity classes indicated as forming the cycle and also that f 8 (q i0 ) = q i0 . Note that this implies that
) and, since all points of the classes share the same dynamics, one can conclude that all the classes are made up of periodic points of period 8.
To verify if the referred coquaternionic cycles were attractive, we used the following computational procedure: a coquaternionic perturbation with each component with a modulus less than 0.001 randomly chosen was added to the representative of each class and 80 iterations, starting with this perturbed seed, were performed; then, the last iteration was analyzed and it was checked whether or not it belonged to the similarity class of the unperturbed representative; this process was repeated 1 000 000 times. Since the answer was always positive, although we do not have a formal analytic proof of the fact that the cycles are attractive, we can state, with great confidence, that this is true.
Remark 3. We emphasize that the representatives of the sets of each set cycle do not necessarily form a 8-cycle of points. This is what happens, in particular, with the cycle C 4 where the sets H 4,0 , H 4,1 , H 4,2 and H 4,3 appear repeated, but do not form a 4-cycle; any element q ∈ H 4,0 is such that its fourth iterate belongs to the same set H 4,0 ; however, we do not have f 4 (q) = q, but f 4 (q) = q, instead; only after 8 iterations the element q repeats itself. Finally, based on a large number of computations with randomly chosen initial seeds in H coq , we have reasons to believe that the only attractive cycles of the map f are the five 8-cycles referred previously, i.e. that the map f has no other attractive cycle of any period.
Basins of attraction of the 8-cycles
The results of the previous section have shown a completely different behavior of the coquaternionic quadratic map f when compared with the corresponding complex map f C : the existence of more than one attractive cycle. The purpose of this section is to make some investigation on the basins of attraction of the five 8-cycles of the map f previously identified.
It is well-known that the basin of attraction of the real cycle C for the real map f or even for the complex quadratic map f C is a bounded set; see e.g. [29] . We now show that this is not the case when we consider the extension of this map to the set of coquaternions, by choosing a particular type of coquaternions as seeds. In what follows, we will denote by B R (C ) the real basin of attraction of the real 8-cycle C i.e. B R (C ) = B(C )∩R.
Let q be a coquaternion dual number, q = x 0 + α(i + j). From (1), one can deduce the following expression for the nth iteration of q:
Since the parameter c is a regular parameter 5 of the real map f , then, for any x 0 in the real basin of attraction of this cycle, we have lim n→∞ (f n ) (x 0 ) = 0; see e.g. [12] . This means that a coquaternion of the form q = x 0 + αi + αj, with x 0 ∈ B R (C ) and α an arbitrarily chosen real number, belongs to B(C ), showing that this basin is not bounded.
We now present some plots of the basins of attraction of the five attractive 8-cycles of the quadratic map f . Since the basins are 4-dimensional sets, they require to be submersed from R 4 to R 3 or to R 2 for drawing purposes. The representations given in our figures are two-dimensional plots obtained by always assuming that q 3 = 0, and then considering different two-dimensional slices of the three-dimensional sets thus obtained; the slices are created by either fixing different values for q 2 or by fixing different values for q 1 , i.e. all the figures correspond to plots in planes which are either parallel to the complex plane or parallel to the Minkowski plane. Note that all the plots obtained in this way are symmetric with respect to the real axis and with respect to the imaginary axis (respectively j-axis) of the plane q 3 = 0 and q 2 = α (respectively q 3 = 0 and q 1 = β) where the plot is considered. In fact, from (1) and (2), one easily deduce that if q = q 0 + q 1 i + q 2 j and q
, we conclude that q * and q have the same dynamics. The symmetry with respect to the real axis follows immediately by observing that q = q 0 + q 1 i + q 2 j and q * = q 0 − q 1 i + q 2 j (respectively q * = q 0 + q 1 i − q 2 j) are similar coquaternions. In all the plots, the points in the basin of attraction of the real cycle C are colored in red and the colors cyan, yellow, gray and pink are used for the basins of attraction of the cycles C 1 , C 2 , C 3 and C 4 , respectively; the points corresponding to diverging dynamics are represented in black. For the first choice, q 2 = 0, we immediately recognize the picture associated with the dynamics of the quadratic complex map. 6 As we increase the value of q 2 , the four coquaternionic basins of attraction emerge, showing a remarkable intertwined structure.
We now point out and explain some of the features we observe in this first set of figures (Fig. 2 to Fig. 4 ), having in mind that each of the plots corresponds to q 3 = 0 and a fixed value α of q 2 .
We first recall a known result for the real map f (x) = x 2 + c with our choice of parameter c: the interval I = (−a, a), with a the positive root of x 2 − x + c = 0, i.e. a = 1.7773204313844129 . . ., coincides, with the exception of a set of isolated points, with the real basin of attraction of the attractive 8-cycle C , B R (C ). Also, as previously shown, any coquaternion of the form q 0 + αi + αj with q 0 belonging to B R (C ) will converge to the real cycle C . These two facts explain the appearance in all the plots of a red horizontal line q 1 = q 2 = α stretching from q 0 = −a to q 0 = a.
7 Naturally, due to the symmetry with respect to the real axis, a line for q 1 = −α also appears. As α increases, these two lines become more and more apart.
From the expression (1) it is simple to verify that, for any coquaternion q of the form q = q 1 i + αj (i.e. a point in the imaginary axis of the plot), we have f (q) = α 2 − q 2 1 + c, showing that the first iterate of such a q is a real number. This shows that the dynamics of q is the dynamics of the point x 0 = α 2 − q 2 1 + c with respect to the real map f . Hence, q = q 1 i + αj will belong to the basin of attraction of the real cycle, B(C ), if and only if α 2 − q 2 1 + c ∈ B R (C ). Therefore, with the exception of a set of isolated points (not distinguishable in the plots), all the points of the form q = q 1 i + αj with q 1 satisfying −a < α 2 − q 2 1 + c < a, or equivalently
will be painted in red. Since c + a is a positive quantity, the second inequality is satisfied for q 1 belonging to the interval − √ α 2 + c + a, √ α 2 + c + a . Now, for |α| < a, we have α 2 + c − a < a 2 + c − a = 0, which means that the first inequality is trivially satisfied; when |α| > a, the first inequality imposes an additional restriction on the points in the imaginary axis which will appear in red: |q 1 | > √ α 2 + c − a. This is very apparent in the plots in Fig 4: in the first three plots, which correspond to values of α satisfying |α| < a, there is no interruption in the red vertical line (the line stretches from q 1 = − √ α 2 + c + a to q 1 = √ α 2 + c + a); 5 The parameter c for the real map fc(x) = x 2 + c is said to be regular if the map fc has a n-cycle α 0 → α 1 → · · · → α n−1 for which |(f n ) (α 0 )| < 1; see [13] . 6 We observe that some isolated points which neither belong to B(C ) nor have a diverging dynamics and which, as such, should be uncolored, due to the grid we use to construct the basins are not distinguishable; in other words, the red set in the plot corresponds to the representation of filled-in Julia set for f . 7 Here again, some isolated points, which have a divergent dynamics, do not appear in the "continuous" red line, due to the regularity of the grid used to compute the basins. however, in the last plot corresponding to α = 1.9 > a, the red vertical line is split in two pieces: from q 1 = − √ α 2 + c − a to q 1 = − √ α 2 + c + a and from to q 1 = √ α 2 + c − a to q 1 = √ α 2 + c + a. In our last figure, Figure ? ?, we show plots obtained in planes parallel to the Minkowsi plane; more precisely, the plots were obtained considering q 3 = 0 and q 1 = β, for β = 0, 0.1, 0.6, 0.7. An analysis similar to the one carried out for the plots in planes parallel to the complex plane explains easily the appearance of the horizontal lines q 1 = q 2 = β in each of these new plots. Also, in this case, it is easy to show that, with the exception of isolated points, if |β| < √ a + c = 0.6291048775461452..., the points of the form βi + q 2 j (i.e. points in the j-axis in the plots) with q 2 belonging to the interval − β 2 + a − c, β 2 + a − c will appear in red, whilst, if |β| > √ a + c, the same will happen to points with q 2 lying in the union of the two intervals Figure 3 : Plots, in different planes parallel to the complex plane, of the basins of attraction of the real cycle C (red) and of the coquaternionic cycles C 1 (cyan), C 2 (yellow), C 3 (gray) and C 4 (pink). Top: q 2 = 0.4; middle: q 2 = 0.6; bottom: q 2 = 0.8.
− β 2 + a − c, − β 2 − a − c and β 2 − a − c, β 2 + a − c . This is very clearly shown in the figure: in the first three plots, corresponding to values of β such that |β| < √ a + c, there is no interruption of the red vertical line, which stretches from q 2 = − β 2 + a − c to q 2 = β 2 + a − c, but this is no longer true in the last plot, corresponding to β = 0.7 > √ a + c. 
Conclusions
In this paper we considered the coquaternionic quadratic map f (q) = q 2 + c, with c the parameter value for which the corresponding real map has a real super-attractive 8-cycle. We have shown that, in addition to the real cycle, this coquaternionic map has sets of non-isolated periodic points of period 8 which form four attractive 8-cycles of sets (with a notion of attractivity appropriately adapted to deal with non-isolated sets of points). Some characteristics of the basins of attraction of the attracting cycles were emphasized, for example, the unboundedness of the basin of attraction of the real cycle, in contrast with what happens in the complex case. Finally, plots of the basins of attraction were shown, suggesting an intertwined fractal nature of these basins.
The Matlab and Mathematica codes used to check the attractivity of the coquaternionic cycles and to draw their basins of attraction are available at the site: w3.math.uminho.pt/MapIt.
